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In this memorandum, the complete eigenvalue problem 
for general real matrices is considered with no assumptions as 
to symmetry, multiple eigenvalues or diagonalizability. A 
routine has been developed which finds all the eigenvalues and 
the eigenvectors. 
are orthonormalized. 

Eigenvectors corresponding to each eigenvalue 

The problem is analyzed, and algorithms are developed, 
in four major steps: 

1. Reduction of general matrix to Hessenberg form 

2.  Determination of eigenvalues of Hessenberg form 

3 .  Construction of eigenvectors of Hessenberg form using 
inverse iteration 

4. Construction of an orthnormal eigenvector basis for 
eigenspace of each eigenvalue of original matrix. 

k computer program $ased on these algorithms has 
been implemented. Some test qesults are included. An 
elementary proof of convergenap of the inverse iteration 
process for defective matrices is given. I 
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TECHNICAL MEMORANDUM 

INTRODUCTION 

A pe rvas ive  problem i n  a p p l i e d  mathematics i s  t h e  
a l g e b r a i c  e igenva lue  problem. E x i s t i n g  programs f o r  t h e  so lu-  
t i o n  of e igenva lue  problems a r e  inadequate  t o  m e e t  t h e  needs o f  
i n c r e a s i n g l y  s o p h i s t i c a t e d  t e c h n i c a l  a n a l y s i s .  T h i s  memorandum 
c o n t a i n s  a de ta i led  a n a l y s i s  of the e igenva lues  and e i g e n v e c t o r s  
o f  g e n e r a l  rea l  matrices. 

A number of convenient  p r o p e r t i e s  possessed  by t h e  
symmetric m a t r i x  are no longe r  a v a i l a b l e  for  t h e  g e n e r a l  ma t r ix .  
The t w o  m o s t  s e r i o u s  d i f f i c u l t i e s  are the p o s s i b l e  nondiagonal iz-  
a b i l i t y  and t h e  f a c t  t h a t  e igenvec to r s  of  d i s t i n c t  e igenva lues  
are n o t  n e c e s s a r i l y  or thogonal .  As a consequence of t h e  l a t t e r ,  
w e  do n o t  have a basis of orthonormal e i g e n v e c t o r s .  The re  are 
several methods a v a i l a b l e  fo r  s o l v i n g  t h e  symmetric e igenva lue  
problem. The "Q-R" method, i s  e f f i c i e n t  for  f i n d i n g  t h e  e igen-  
v a l u e s  of nonsymmetric ma t r i ces  as w e l l .  But there does n o t  
appear  t o  be any program a v a i l a b l e  for  e x t r a c t i n g  t h e  e i g e n v e c t o r s  
o f  r e p e a t e d  e igenva lues  i n  t h e  nonsymmetric case. Moreover, if 
t h e  m a t r i x  i s  nondiagonal izable  t h e n  there a r e  less e i g e n v e c t o r s  
t han  e i g e n v a l u e s ;  t h u s  a t  least  one o f  t h e  r epea ted  e igenva lues  
w i l l  have a h i g h e r  m u l t i p l i c i t y  than  t h e  dimension of t h e  corres- 
ponding e igenspace .  These a r e  some of  t h e  d i f f i c u l t i e s  t h e  h e r e i n  
c o n t a i n e d  a lgo r i thms  are designed t o  handle .  

A computer program based on these a lgo r i thms  has been 
w r i t t e n  and t e s t e d  on several matrices c o l l e c t i v e l y  known t o  
p o s s e s s  t h e  above mentioned d i f f i c u l t i e s .  R e s u l t s  o f  some of 
these tes t  examples are p resen ted  i n  S e c t i o n  5. A companion 
memorandum documenting t h e  computer program w i l l  be for thcoming.  
The program i s  w r i t t e n  t o  produce a complete set  of  e i g e n v e c t o r s ,  
a l t h o u g h  it can be e a s i l y  modified t o  f i n d  t h e  e i g e n v e c t o r s  of 
s e l e c t e d  e igenva lues .  For  example, i n  s t r u c t u r a l  a n a l y s i s ,  t h e  
e i g e n v e c t o r s  of a f e w  e igenvalues  a t  one ( u s u a l l y  lower) end o f  
t h e  spec t rum are much more va luab le  than  t h e  rest. Again, f o r  
l a r g e  systems it may be i m p r a c t i c a l  and/or unnecessary t o  i n s i s t  
on computing a l l  t h e  e igenvec to r s .  

I I 
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where 
I f  I Iv 

0. P r e l i m i n a r i e s  

X I  i s  t h e  a b s o l u t e  value o f  t h e  r e a l  o r  complex number x. 
I = 1, v i s  called a u n i t  v e c t o r .  S ince  s e v e r a l  v e c t o r s  

- 2 -  

I n  g e n e r a l  a m a t r i x  i s  i n d i c a t e d  by an upper case 
le t te r  and a v e c t o r  by a lower case l e t t e r .  

A i s  t h e  given n x n ma t r ix  w i t h  e lements  a An i j '  
n-dimensional v e c t o r  v w i t h  components {v l ,  v 2 ,  ..., vn1 has 
norm 

n 
(u ,v )  = u . v  * i i  

i=l 

T 2 Thus, i n  p a r t i c u l a r ,  ( u , u )  = u u = I IuI I . 
R e m a r k  

The so-called 2-norm i s  chosen here. Associated w i t h  a 
vector norm m a t r i x  norms are def ined  by 

Any m a t r i x  o r  vector norm for which ( 3 )  holds i s  said t o  be 
compa t ib l e  o r  c o n s i s t e n t .  
w i t h  the  2-norm (1) are 

Two popu la r  ma t r ix  norms compatible  
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and 

- 3 -  

(4a) I [ A I  I = (max eigval of A H A )  1/2 

H In ( 4 )  A is the complex conjugate transpose of A .  

called the spectral norm and I [ A I  1, the Euclidean norm. 
though the Euclidean norm is weaker than the spectral norm, 
because it is readily computable, it is useful in error analysis. 

I IAl 1, is 
Even 

Definition 

An n x n matrix H is in upper Hessenberg form if and 
only if 

= 0 for all i > j+l (i, j=1,2,..., n) hi j 

The reader is reminded that a nondiagonzlizable matrix 
is also called a defective matrix because its eigenspace is of a 
lower dimension than that of the matrix. Equivalently it is said 
to possess nonlinear divisors. A simple example of a nondiagonaliz- 
able matrix is the following: 

The eigenvalues of the 3 x 3 matrix are 1, 1 and 1. (1, 0, 0) 
and (0, 0 ,  1) are the eigenvectors. Also there are no other inde- 
pendent eigenvectors. Thus the eigenspace does not span the three 
dimensional vector space on which the matrix C operates as a linear 
operator (linear transformation). 

When a matrix is brought into Jordan-canonical form, not 
only are the eigenvalues known but a complete description is avail- 
able as to the multiplicity of each eigenvalue, the number of eigen- 
vectors for each eigenvalue and so on. The above matrix was 
deliberately chosen to be already in Jordan-canonical form from 
which the following can be stated. C has eigenvalue 1 of multipli- 
city three. There is one 2 x 2 so-called Jordan matrix (the leading 
principal submatrix here) and therefore there is exactly one eigen- 
vector for two of these eigenvalues. The third eigenvalue corres- 
ponding to the 1 x 1 Jordan matrix will have its own independent 
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I 
I I 

D 

I 
I 
I 
I 
t 
I 
4 
t 

eigenvector (namely, (0 ,  0, 1)). The elementary divisors are 
the characteristic polynomials corresponding to each of the 
Jordan submatrices. For C, they are 

2 (x-1) , (x-1) . 
Thus C has a nonlinear elementary divisor. Therefore it is 
defective and nondiagonalizable. 

Unfortunately, it is not feasible in general to obtain 
the Jordan-canonical form. Consequently, aposteriori decisions 
are made as to defectiveness, etc., in the sense that these 
decisions are delayed till after the eigenvalues and eigenvectors 
are found. These questions are discussed in section 3 .  Some of 
the features of the Jordan-canonical form are exhibited in the 
following example. 

E =  [I 1 0 
-1 
0 
0 

0 

1 
-1 
1 

0 

-2 'I (5) 

While obtaining the Jordan form is a major undertaking, the 
det(E-XI) can be written as 

P ( A )  = ( - 1 - A )  ( - 1 - A )  [ ( - 1 - A )  ( - 2 - A )  ] } 

3 = ( A + l )  ( A t 2 )  

Therefore, the eigenvalues are -1, -1, -1, -2. The characteristic 
polynomial is 

3 p ( x )  = (x+l) (x+2) 

By definition the minimum polynomial m(x) for matrix E is the 
monic polynomial with lowest degree such that 

m(E) = 0 . 
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The Cayley-Hamilton theorem s ta tes  t h a t  

p ( E )  = 0 

1.e. , 

3 (E+I) ( E + 2 I )  = 0 

Hence m(x) d i v i d e s  p ( x )  . For E it can be v e r i f i e d  t h a t  m(x) z p ( x ) .  
This  i m p l i e s  t h a t  t h e r e  i s  only  one e i g e n v e c t o r  f o r  t h e  r e p e a t e d  
e igenva lue  -1. Thus E i s  a d e f e c t i v e  matrix and has  t h e  Jordan- 
c a n o n i c a l  form 

1 1 0 0 
0 -1 1 0 

0 0 -1 0 

0 0 0 -2 

As exempl i f i ed  above, one can  e x t r a c t  from t h e  minimum 
polynomial much in fo rma t ion  inc lud ing  whether or n o t  d e f e c t s  are 
p r e s e n t .  But i n  g e n e r a l  i t  i s  n o t  f e a s i b l e  t o  f i n d  t h i s  polynomial 
numer i ca l ly .  S e c t i o n  5 inc ludes  numerical  r e s u l t s  f o r  E.  

The h e r e i n  d i s c u s s e d  program c o n s i s t s  of t h e  fo l lowing  
subprograms: 

1. 

2. 

3 .  

4 .  

The given m a t r i x  A i s  condensed by Householder s i m i l a r i t y  
t r a n s f o r m a t i o n s  t o  an upper Hessenberg form H. 

The e igenva lues  of  H a r e  computed by t h e  'Q-R' method. 

The e i g e n v e c t o r s  of H are computed u s i n g  i n v e r s e  i t e r a t i o n  
and f o r  every  e igenvalue  an or thonormal  s e t  as b a s i s  f o r  
i t s  e igenspace  i s  de r ived  by t h e  Gram-Schmidt p rocess .  

T h e  e i g e n v e c t o r s  of A are now ob ta ined  from t h o s e  o f  H. 
Again t h e  e igenspace  of each e igenvalue  i s  spanned by an 
or thonormal  set of  e igenvec to r s  o f  A. The e igenva lues  of  
A are ,  of  cour se ,  t h e  same as t h o s e  of H. 

There are t w o  reasons why t h e  problem i s  r e s t r i c t e d  t o  
rea l  matrices. 
f o r  r ea l  matrices. 

One i s  t h a t  it appears  t h e  c u r r e n t  need is o n l y  
The o t h e r  r e a s o n ' i s  t h a t  t h e  e x t r a  demand f o r  
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storage caused by including complex matrices would necessarily 
reduce the maximum dimension of the matrix that could be handled 
in-core. 

It is emphasized that A is only assumed to be real and 
that there is 

a. no restriction on symmetry 

b. no restriction on repeated eigenvalues 

c. no restriction on diagonalizability. 

The various subprogram are now described. The details 
are given only as far as necessary to understand and appreciate 
the underlying principles employed in the program. The methods 
of sections 2 and 3 do not require a Hessenberg form but if these 
are applied to a full matrix, the amount of computation would soon 
be prohibitively large. 

1. Matrix to Condensed Form 

In a recent paper [l] Businger has exhibited an exainple 
to prove that the reduction of a general matrix to Hessenberg form 
by elementary similarity transformation using the popular Gaussian 
elimination may be unstable. Therefore, Householder reduction is 
employed to transform A to a similar upper Hessenberg form H. 
This method is known to be unconditionally stable. (Householder's 
unitary matrices have been used to tridiagonalize symmetric matrices 
in the subroutine TRDMX available in Bellcomm's computer library.) 
The similarity transformation from A to H is accomplished by the 
use of (n-2) elementary unitary matrices Pr; r=l, 2 ,  ..., n-2. The 
Pr have the simple form 

rn 

where I is the n x n identity matrix and wr is a real unit vector 
with the first r components zero. Writing 

A. = A 

Ar - 'rAr-l r P (r=l,2, ..., n-2) - (7) 
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i s  i n  f a c t  An- 2 it t u r n s  o u t  t ha t  w i t h  p roper  choice of t h e  w r ,  
an upper Hessenberg ma t r ix .  
t h e  method of  choosing t h e  wr i s  exp la ined .  

Method 

That i s  t o  s a y ,  H = An-2. Consequent ly ,  

The f i r s t  s t e p  is t o  choose w1 such t h a t  a l l  t h e  l a s t  
(11-21 e lements  of t h e  f i r s t  column of  A1 ( i n  ( 7 ) )  are zero. 

and P1 have t h e  forms 1 Since  w 1 

- 
p1 - 

1 

0 

[i 0 

T 
w 1 = (0, x2,  ..., Xn) 

0 

1-2x2 2 

-2x x 3 2  

-2x x n 2  

-2x x 2 3  

... 

... 
0 -2x2xl 1-2xn 2 

it is clear t h a t  p o s t  m u l t i p l i c a t i o n  by P l e a v e s  t h e  f irst  
column o f  any m a t r i x  u n a l t e r e d .  
(n-2) e lements  of  column one  vanish i f  and on ly  i f  (PIAo) a l so  
has  t h e  l a s t  (n-2) e lements  of  t h e  f i r s t  column van i sh .  NOW 

1 
Hence PIAOPl w i l l  have t h e  l a s t  

T PIAO = (I-2wlwl ) A  

and i f  wlTA i s  w r i t t e n  as tT, then  

T PIAO = A - 2 w l t  . 

'The n o t a t i o n  and approach g iven  i n  [ 2 ]  fo r  symmetric matrices 
i s  used .  
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The e lements  i n  t h e  f i r s t  column of  PIAO are 

{all, a21 - 2x2 t l t  a31  - 2x3tl, . . . #  a .  

where t h e  f i r s t  component tl o f  t h e  v e c t o r  t i s  g iven  by 

- 2xnt1) (10) n l  

Therefore  , 

+ x a +...+ x a - 
- X2a21 3 31 n n l  

ail - 2xitl = 0 , i = 3 , 4 , .  . . ,n 

and also t h e  second component a21 - 2x2tl i n  ( 1 0 )  must be such t h a t  

i = 2  

T o  j u s t i f y  (13) it i s  noted t h a t  ( s i n c e  w T w = (w ,w)  = 1) 

PPT = (I - 2ww T (I - 2ww T 1 

= I - 4ww T + 4 w ( w  T T  w ) w  

= I  

T -1 Hence P = P ( i .e. ,  P i s  o r thogona l ) .  Consequently,  f o r  any 
vector ut 

which i m p l i e s  t h a t  I lul  I i s  i n v a r i a n t  under P. L e t t i n g  u be t h e  
f irst  column of A, (13) fo l lows  from ( 1 2 )  and ( 1 0 ) .  
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Now l e t  t h e  r i g h t  side o f  (13) be  s and rewrite t h e  
e q u a t i o n  i n  t h e  form 

( 1 4 )  
- 2x2 2 tl = 2 6 x2 

a21X2 

R e w r i t e  ( 1 2 )  i n  t h e  form 

2 - 2 x i t l  = 0 ,  i = 3 , 4 , . . . , n .  ailxi 

From (11) , ( 1 4 )  and (15) it fol lows t h a t  

n 
tl - 2 t l  X i  x 2 = + x 2  6 .  

i = 2  

But ( 8 )  i m p l i e s  

2 t i  x = l .  
i = 2  

Hence 

tl = i x2 6 

and (12)  and (13)  g i v e ,  r e s p e c t i v e l y ,  

, i = 3 , 4 ,  ..., n - ail 

2x2 
x = +  

6 i 

2 1 [1 a 2 1  ] 
P x2 = 'z 

. 
(18)  

Thus w1 and, t h e r e f o r e ,  P1 are completely determined when 

fi and t h e n  t h e  xi are computed from f 1 8 ) .  
(18)  i s  removed by a s s i g n i n g  t h e  a p p r o p r i a t e  s i g n  which w i l l  avoid  

The ambiguity of  s i g n  i n  
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cancellation. 
also noted that 

Thus they are given the same sign as a21. It is 

= P A P = (I-2ww T lA(1-2~~ T ) 
1 0 1  

T T T  = A - 2AwwT - 2ww A + 4ww Aww 

= A - 2w[wTA - (w T Aw)w T 1 

- ~ [ A w  - w (W T Aw) IW T . 
T w Aw is a scalar which is denoted by k. Then 

T T A1 = A - 2~ q - 2q‘w 

where 

T T T q = [ ~ A - k w ]  

Thus in practice P1 is not computed explicitly. 
is obtained the scalar k and the vectors q and q’ are calculated. 

This results in great saving in storage (19) will then furnish A 
since one can work with one matrix and some vectors rather than two 
matrices. Also there is considerable reduction in computation time 
since matrix multiplications are replaced by matrix-vector or 
vector-vector multiplications. 

Once the vector w 

1‘ 

- 1 - 2 -  ----l-&-- t h n  i l ;cp.r lccinn nn nhtaininq a matrix A, 111A.3 b ” A l l p r L  C b Y  ---- --- - - - I 
similar to A but with all its last (n-2) elements in the first 
column equal to zero. Now it is clear that one can repeat the 
process in going from A1 to A2. That is to say, find the w2 such 
that the second column of A2 would be nonzero only in the leading 
three places. What has to be guaranteed, however, is that this 
new transformation leaves the zeros of column one intact. This 
is shown below. 
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By d e f i n i t i o n  w2 is o f  t h e  form 

rn I 

xn w2 = (0, 0, x3, x 4 ,  ..., 
and P2 has  t h e  form 

- 
p2 - 

1 0 

0 1 

0 0 

0 0 
. . 

0 0 

0 0 .... 0 

0 0 .... 0 

-2x x 3 n  -2x x 2 
3 4 * ' * .  

1-2x3 

-2x4x3 

1-2xn 2 

. 
C l e a r l y  t h e n ,  any m a t r i x  pos t -mul t ip l i ed  by P will have i t s  
f i r s t  t w o  columns unchanged. Thus one  need cons ide r  on ly  t h e  
f i rs t  column o f  P2A1. 

2 

S ince  A1 has  t h e  form 

- 
Al - I: 0 

1 2  a 

a22 

..... 

..... 

it i s  e v i d e n t  t h a t  t h e  first column of P2A1 is i d e n t i c a l  w i th  t h e  
f irst  column o f  Al. 

I n  g e n e r a l  t h e  t r ans fo rma t ion  f r o m  Ar to Ar+l i s  such 
t h a t  t h e  f i r s t  r columns of  Ar and Ar+l are i d e n t i c a l .  
e f f i c i e n c y  t h e  computer program has  t aken  advantage of t h i s  f a c t .  

For 
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T o  summarize: There a r e  (n-2) major s t e p s  i n  r educ ing  
A t  each s t e p  a 

Th i s  i n v o l v e s  computing 
t h e  given m a t r i x  A t o  a Hessenberg m a t r i x  H.  
scalar sr and a v e c t o r  w 
t w o  squa re  roots,  once f o r  and aga in  f o r  o b t a i n i n g  t h e  f irst  
nonzero component of  w from an equa t ion  o f  t h e  form (18) .  Once 
w is ob ta ined  it i s  a s imple  ma t t e r  t o  compute t h e  scalar k 
and t h e  v e c t o r s  q r ,  q' and f i n a l l y  a new matr ix  Are A t  each 
s u c c e s s i v e  s t e p  t h e  number of  o p e r a t i o n s  i s  reduced and as a rough 
estimate about  $ n 3  m u l t i p l i c a t i o n s ,  
r o o t s  a r e  needed. 

are computed. r 

r r 
r 

n2 d i v i s i o n s  and 2n squa re  

T o  f i x  t h e  i d e a s  t h e  computation2 w i l l  be  c a r r i e d  o u t  
completely f o r  t h e  fo l lowing  4 x 4 ma t r ix .  

Consider  aga in  t h e  ma t r ix  E of  (5)  

-1 0 0 

A o = E =  [; -: -; "1 
-2 

The a i m  i s  t o  show t h a t  t h e  a lgo r i thm produces a similar Hessenberg 
f o r m .  With t h e  n o t a t i o n  of t h e  t e x t ;  

2 2 = 6 = 1.732 '1 = V a 2 1  + a31 + a 4 1  

T w1 = 10, x2,  x3, x41 where 

x2 2 = + + T  1 I a 2 J  - a31sign a 2 1  - a41sign a 21 
2 x p 1  

I x4 - 
2X,S1 s1 L 

I x3 - 

2The computation is rounded t o  three decimals. 
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Hence 

x = .888 2 

x = .325 3 

x4 = .325 

T w A = (1.538, -.888, .888, .2381 

( A w ) ~  = (0, -.238, -.325, -.325) 

.137, - .188, -.188} T q t T  = [Aw - kw] = (0, 

T T qT = [w A - kw 3 = (1.538, -.513, 1.025, .375) . 
T A1 = A - 2wlq - 2qtwlT, becomes 

- 
Al - 

-1 0 0 0 

-1.732 -. 333 -. 9 1 1  .244 

0 .667 -1.544 -.122 

0 .667 .455 -2.122 

The e lements  of Al are c o r r e c t  t o  three decimal p l a c e s .  
second and f i n a l  s t e p  i s  t o  reduce t h e  (4 ,2 )  e lement  t o  zero. 

The 

I 

s2 = $i22 + a42 = -\1.6672 + .667i = .667JT = .943 

T 
W 2 = (0, 0 ,  .924, .3831 

w , ~ A  = {.871, 1 . 0 0 0 ,  -1.253, -.9251 

( A w ) ~  = (0, -.748, -1.474, -.3911 
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k = -1.511 

, T  q = (0, -.748, -7.746, .187} 

T q = C.871, 1.000, .143, -.346} 

A2 now becomes 

A2 = 

-1 0 0 

1.732 -.333 471 
.577 0 -.942 -1.667 

0 0 0 

Thus A i s  i n  Hessenberg form. The (4 ,3)  e lement  of 
A2 i n  t h i s  example happens t o  be zero to  o u r  working accuracy.  
This  i s ,  of cour se ,  n o t  t r u e  i n  gene ra l .  

2 

2. Eiqenvalues  of  H 

To o b t a i n  e igenva lues  of H t h e  s o - c a l l e d  Q-2 method 
For Hessenberg matrices t h i s  i s  p a r t i c u l a r l y  e f f i c i e n t .  i s  used. 

T h i s  i s  an  i t e r a t i v e  method u s u a l l y  wi th  r a p i d  convergence. 
method s h a l l  n o t  be desc r ibed  here  f o r  t h r e e  r easons .  One is 
t h a t  it would t a k e  cons ide rab le  space t o  p r e s e n t  t h e  d e t a i l s .  
Second r eason  i s  t h a t  i n  t h e  program a Q-R r o u t i n e  developed 
e l sewhere  is used. F i n a l l y ,  t h e r e  i s  an e x c e l l e n t  e x p o s i t i o n  
of t h e  Q-R method i n  a r e c e n t  paper by Mar t in ,  Peters and 
Wilkinson [ 3 1 .  

The 

The i d e a  
form by or thogonal  
v a l u e s  are simply 
v a l u e s  of c e r t a i n  
by 

is t o  t ransform H t o  an almost upper t r i a n g u l a r  
s i m i l a r i t y  t r ans fo rma t ions .  Then t h e  e igen-  

t h e  d i agona l  t e r m s  of t h e  l a t t e r  o r  the.  e igen-  
2 x 2 matrices. The basic a lgo r i thm is  d e f i n e d  

where Q is or thogona l  and R is upper t r i a n g u l a r .  H1 i s  t h e  i n i t i a l  
Hessenberg matrix. 
and it can be shown tha t  Qs -t D ,  a d i a g o n a l  ma t r ix ,  as s+=, so t h a t  

It t u r n s  o u t  t h a t  a l l  Hs are t h e n  Hessenberg 
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Hs i t s e l f  approaches an almost upper t r i a n g u l a r  m a t r i x ,  p rov ided  
t h e  e i g e n v a l u e s  o f  H are s u i t a b l y  r e s t r i c t e d  ( i . e . ,  H i s  sca led) .  

The o r i g i n a l  Q-R method as developed independen t ly  by 
F r a n c i s  and Kublanovskaya i n  1 9 6 1  h a s  s i n c e  been modi f ied  and 
improved by s e v e r a l  a u t h o r s  and i n  t h e  c u r r e n t  form i s  q u i t e  
s o p h i s t i c a t e d  131. One merely obse rves  t h a t  t r a n s f o r m a t i o n s  o f  
t h e  t y p e  (6) are commonly used i n  t h i s  p r o c e s s  as w e l l .  To  speed 
up convergence,  ( 2 2 )  are modified by s o - c a l l e d  o r i g i n  s h i f t s .  T o  
avo id  complex a r i t h m e t i c  when working w i t h  r e a l  matrices, two 
s t e p s  o f  t h e  Q-R a l g o r i t h m  a r e  performed s imul t aneous ly .  A s  
t h e  subdiagonal  e lements  o f  s u c c e s s i v e  H r a p i d l y  approach zero ,  
v a r i o u s  c r i t e r i a  have been dev i sed  t o  s p l i t  t h e  m a t r i x  i n t o  two 
or  more submat r i ces  and t h e  p rocess  con t inued  w i t h  each  submat r ix  
s e p a r a t e l y  u n t i l  f i n a l l y  a l l  t h e  e i g e n v a l u e s  are i s o l a t e d  on t h e  
d i a g o n a l  or  are t h e  e i g e n v a l u e s  o f  2 x 2 matrices. 

S 

3 .  Eigenvec to r s  o f  H 

I t  i s  now assumed t h a t  r easonab ly  a c c u r a t e  e i g e n v a l u e s  
have been o b t a i n e d  f o r  H.  The n e x t  t h i n g  t o  do i s  t o  compute t h e  
e i g e n v e c t o r s  o f  H .  Obviously t h e r e  are a t  least  as many methods 
o f  do ing  t h i s  as t h e r e  are f o r  s o l v i n g  a system o f  l i n e a r  e q u a t i o n s .  
But none can g u a r a n t e e  a complete se t  o f  independent  v e c t o r s  when 
t h e r e  are r e p e a t e d  r o o t s .  Most methods would i n  f a c t  g i v e  o n l y  one 
e i g e n v e c t o r  f o r  each  d i s t i n c t  e igenva lue .  A method i s  described 
h e r e  t h a t  de t e rmines  t h e  complete e igenspace  f o r  each d i s t i n c t  
e i g e n v a l u e .  Moreover, t h e  e i g e n v e c t o r s  are or thonormal .  T h i s  
method can a l s o  be used t o  compute e i g e n v e c t o r s  f o r  selected 
e i g e n v a l u e s .  The program h a s  been tested on some examples w i t h  
r e p e a t e d  e i g e n v a l u e s  and t h e  r e s u l t s  w e r e  s a t i s f a c t o r y  (see 
s e c t i o n  5 ) .  The tests inc luded  matrices w i t h  n o n l i n e a r  e l emen ta ry  
d i v i s o r s .  

A d i s c u s s i o n  o f  t h e  q u e s t i o n  o f  de t e rmin ing  t h e  m u l t i p l i c i t y  
of an  e i g e n v a l u e  fo l lows .  When t h e  m a t r i x  h a s  r e l a t i v e l y  poor ly  
s e p a r a t e d  e i g e n v a l u e s ,  t h i s  d e t e r m i n a t i o n  can be d i f f i c u l t .  I t  i s  
i m p o r t a n t  t o  know t h e  m u l t i p l i c i t y  o f  an e i g e n v a l u e ;  if X1 
t h e n  t h e r e  i s  a t  l eas t  o n e  e i g e n v e c t o r  f o r  each  o f  t h e s e  e i g e n v a l u e s ,  
whereas  if X1 = x2, t h e n  t h e r e  may e x i s t  o n l y  one e i g e n v e c t o r .  
Mis t ak ing  e q u a l  e i g e n v a l u e s  t o  be d i s t i n c t  i s  a b i g g e r  haza rd  t h a n  
t a k i n g  c l o s e  e i g e n v a l u e s  as  e q u a l ,  because i n  t h e  former ,  one may 
be f i n d i n g  an e i g e n v e c t o r  which does  n o t  ex i s t !  Such d i f f i c u l t i e s  
have l e d  t o  t h e  b e l i e f  t h a t  some s o r t  o f  o r d e r i n g  of  t h e  complex 
numbers i s  needed. A t t e n t i o n  is  now directed t o  a d e s c r i p t i o n  o f  
how t h e s e  d i f f i c u l t i e s  can be r e so lved .  

A 2  
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L e t  E ~ ,  and c 3  be small p o s i t i v e  numbers. The 

a c t u a l  v a l u e s  a s s igned  t o  these  numbers are p r e t t y  much l e f t  t o  
t h e  use r .  L e t  t h e  e igenva lues  be h = p + i v  j=1, ..., n.  
F i r s t  t e s t  f o r  pure r e a l  and pure imaginary numbers. 

j j 1'  

s e t  A 3 0 .  a .  ~f J A . (  - c l ,  < 
j 3 

< b. If  ~ v j ~ / ~ p j ~  - o r  i f  1 v . l  < set  v = O .  
-J - € 2  j 

The fo l lowing  four  s t e p s  a r e  used  t o  t es t  f o r  m u l t i p l i c i t y .  
i) F i r s t  r e o r d e r  a l l  e igenvalues  i n  ascending  order of r e a l  
p a r t s .  ii) Then d i v i d e  e igenvalues  i n t o  c l a s s e s  a s  fo l lows .  
Two ne ighbor ing  e igenva lues  h and h j + l  would be i n  t h e  same class 

j 
Any t w o  e igenva lues  h and X k  ( j < k )  

would be i n  t h e  same class i f  and on ly  i f  A k  l i e s  i n  t h e  same class 
as X g - 1  f o r  a l l  j < 11 2 k.  

any th ing  between 1 and n depending on E and t h e  d i s t r i b u t i o n  o f  
t h e  spectrum. iii) For each  c l a s s  a r r ange  t h e  members  accord ing  
t o  i n c r e a s i n g  o r d e r  of imaginary p a r t s .  i v )  F i n a l l y ,  d i v i d e  
e i g e n v a l u e s  i n  each class i n t o  s u b c l a s s e s  (cel ls)  where t w o  e igen-  
v a l u e s  A 

j i f  and only  i f  p j + l  - u j  I € 3 .  

Thus t h e  number o f  classes could be 

3 

would be i n  t h e  same subclass i f  and only  i f  
i s  i n  t h e  same class as A s  i n  (ii) above, X j + *  

and ' j+l  j 

- < and so on. 
- v  6 

' j+ l  j 
i f  and only  i f  u j + 2  

€ 3 -  

j+ l  ' j+ l  

Thus the n e igenvalues  have been grouped i n t o ,  s a y ,  m 
nonempty sets so t h a t  t h e  computed e igenva lues  cor responding  t o  
each r e p e a t e d  root must f a l l  i n  t h e  same se t  f o r  a p p r o p r i a t e  E ~ .  

For m o s t  problems,  a j u d i c i o u s  choice of  should  g i v e  a 
grouping  such t h a t  each set has p r e c i s e l y  t h e  r epea ted  roots. The 
m would be e x a c t l y  t h e  number of d i s t i n c t  e igenva lues  and there 
must be a t  least  m independent e i g e n v e c t o r s .  

Grouping t h e  e igenvalues  i n  t h e  above f a s h i o n  one can ,  
by t a k i n g  s u f f i c i e n t l y  l a rge ,  make s u r e  t h a t  a l l  t h e  computed 
e i g e n v a l u e s  cor responding  t o  a m u l t i p l e  r o o t  f a l l  i n  t h e  same cel l .  
I f  a m u l t i p l e  root i s  also c l o s e  t o  one o r  more o t h e r  r o o t s ,  t hen  
o u r  ce l l  may conceivably inc lude  one or  more of  these o t h e r  r o o t s  
as w e l l .  But now one can a t  l e a s t  i n t e n s i f y  tes ts  w i t h i n  each 
ce l l  t o  s e p a r a t e  the  d i s t i n c t  e igenva lues .  The reader, however, 
s h o u l d  be warned of t h e  s i g n i f i c a n c e  o f  s i t u a t i o n s  where an e igen-  
v a l u e  i s  p a t h o l o g i c a l l y  c l o s e  t o  a r e p e a t e d  e igenva lue .  For 
example , c o n s i d e r  t h e  ma t r ix  
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0 

a 

0 0 

-1 1 
0 -1 
0 1 

I 1  0 L l  0 

0 

1 
-1 
1 

0 

a 

The e i g e n v a l u e s  are -1, -1, -1 and a. The r e p e a t e d  e i g e n v a l u e  
has  unique e i g e n v e c t o r  ( 0 ,  1, 0 ,  0 )  and t h e  e i g e n v a l u e  a h a s  
t h e  e i g e n v e c t o r  ( 0 ,  1, 0 ,  l+a)  when a $: -1. Thus if a+l  = E 

and E i s  down t o  t h e  n o i s e  l e v e l ,  one cannot  s a y ,  i n  p r a c t i c e ,  
whether  t h e  m a t r i x  h a s  -1 as a root o f  m u l t i p l i c i t y  four and a 
unique e i g e n v e c t o r  o r  has  t w o  d i s t i n c t  b u t  ve ry  c l o s e  roots and 
t h e r e f o r e  t w o  d i s t i n c t  e i g e n v e c t o r s .  I t  appea r s  t h a t  a patho-  
l o g i c a l l y  close e igenva lue  mis takenly  i d e n t i f i e d  as a r e p e a t e d  
r o o t  does no harm even though t h i s  i n  g e n e r a l  means dropping  a 
genu ine ly  e x i s t i n g  e i g e n v e c t o r  from t h e  l i s t  o r  o r t h o n o r m a l i z i n g  
an  e i g e n v e c t o r  which should  not be  o r t h o g o n a l i z e d .  

The p r o p o s a l s  exempl i f ied  i n  t h e  l a s t  few pa rag raphs ,  
s p e c i f i c a l l y  des igned  t o  handle  m u l t i p l i c i t i e s  and d e f e c t s ,  have 
n o t  y e t  been i n c o r p o r a t e d  i n t o  t h e  computer program. An obv ious  
d i f f i c u l t y  i s  t o  come up w i t h  s a t i s f a c t o r y  c r i t e r i a  f o r  t h e  pa ra -  
meters E ~ .  A s  t h e  program s t a n d s  now, m u l t i p l i c i t i e s  and d e f e c t s  
are d i s c e r n e d  a p o s t e r i o r i ,  i n  t h e  fo l lowing  sense .  Two computed 
v a l u e s  are t r e a t e d  as i f  t h e y  a r e  d i s t i n c t  u n l e s s  t h e y  t u r n  out 
t o  be i d e n t i c a l  t o  machine accuracy.  Thus i n  p r a c t i c e  t h e r e  
seldom are r e p e a t e d  r o o t s  and consequent ly  one w i l l  end up w i t h  
as many e i g e n v e c t o r s  as  t h e  dimension o f  t h e  mat r ix .  But examining 
t h e  computed e i g e n v a l u e s  and e i g e n v e c t o r s  one i s  u s u a l l y  a b l e  t o  
de te rmine  m u l t i p l i c i t i e s  as w e l l  as d e f e c t s  i f  any (see s e c t i o n  5 ) .  

A proof  for  convergence o f  t h e  i n v e r s e  i t e r a t i o n  method 
f o l l o w s .  The proof  has  been i n d i c a t e d  f o r  symmetric matrices i n  
Wilkinson [4] and convergence h a s  been t a c i t l y  assumed f o r  g e n e r a l  
matrices, b u t  a proof  f o r  g e n e r a l  nonsymmetric matrices which may 
be d e f e c t i v e  appea r s  t o  be u n a v a i l a b l e .  

F i r s t  assume t h a t  H ( o r  A ,  e q u i v a l e n t l y )  i s  n o t  d e f e c t i v e .  
L e t  X I ,  A2' * . . I  A n  be  t h e  e igenva lues  and ul, u2, ..., u be t h e  
c o r r e s p o n d i n g  set  of e i g e n v e c t o r s .  
a r e p r e s e n t a t i o n  

n 
Then an a r b i t r a r y  vector x; h a s  

n 
x '  0 = 1 biui 

i=l 
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fo r  scalars bi. I f  X is  n o t  one of t h e  e i g e n v a l u e s  X k ,  t h e n  

has t h e  unique s o l u t i o n  

Y 1  = f (H - XI)-lbiui . 
i=l 

( 2 5 )  

For a specific io, the corresponding vector i n  t h e  sum ( 2 5 )  has 
t h e  r e p r e s e n t a t i o n  ( fo r  some s c a l a r s  e,) 

(io 1 
( H  - X I ) - '  b .  ui = f ek Uk 

l o  0 k = l  

so t h a t  

(io) 
ek Uk b .  Ui = ( H  - X I )  

k = l  l o  0 

k = l  k = l  

1.e. I 

s i n c e  ( A k I  \)  are e i g e n  pairs of H. 

independent  set. Hence 

But t he  Uk are a l i n e a r l y  
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(io) 
e ( A i  - A )  = bi 

0 0 

Thus (26 )  and ( 2 5 )  now g i v e  r e s p e c t i v e l y  

t and 

b. ui 
( H  - X I ) - 1  bi u 0 io 'io - A  

= l o  0 

n b . u  i i  

i=l 

Hence i f  X i s  an  approximation t o  a s imple  e igenva lue  X X1 may 
be taker ,  t~ be t h e  normalized v e c t o r  j' 

where 

(1) = 1 (norma l i za t ion )  9 

w a s  p o i n t e d  o u t  by P r o f e s s o r  J. S. Vanderg ra f t  t h a t  

But t h i s  approach i s  fo l lowed because  
e q u a t i o n  (29) can be  o b t a i n e d  more e a s i l y  u s i n g  t h e  f ac t  t h a t  

(HLXI) -1 u i  - - - l u  

e q u a t i o n s  of t y p e  (23) - ( 2 6 )  appear  necessa ry  f o r  t h e  defective 
case. 

Ai-x i' 
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If one writes 

(H - AI) yi+l = x  it x i+l = normalized yi+l, i=O, 1, 2, ... (30 1 

then ( 2 4 )  represents the first step in this iteration. In general, 
therefore, if the new vectors are normalized before being fed into 
the right side of (30), the coefficients in 

will satisfy the relation 

('1 = 1 (normalization) 

It is clear from (32) that if A is a "well-separated" 
j 

simple eigenvalue, then for k j 

rather rapidly, provided b. 9 0. 3 

This in turn implies (from (31)) that xs + u the 
1' 

j' 
eigenvector for A 
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Now suppose t h a t  A i s  a r e p e a t e d  root. For d e f i n i t e n e s s  

say  t h a t  h1 = h 2  > h 2 ... >, X . I.e., l e t  t h e  l a r g e s t  e igenva lue  
j 

3 n 
be of m u l t i p l i c i t y  t w o .  x1 

I f  X is  now an approximation t o  X1, t h e n  (31) may be 
w r i t t e n  

n 

and i f  one normal izes  as b e f o r e ,  namely, 

t hen  s imi la r  t o  e q u a t i o n s  (32) , 

k=3 

+ 0 as s + =, Consequent ly ,  f o r  k 3, Bk ( S  1 

Hence, i n  g e n e r a l ,  B 2  ( S  1 + B 2  $: 0.  
normal iza t ion ,  (33) i m p l i e s  t h a t  

x '  S + u1 + B2U2 

But f o r  k=2, 

(34 

Therefore  , w i t h  t h i s  

(35)  

Thus xJ t e n d s  t o  a v e c t o r  i n  t h e  e igenspace  of X1: i .e . ,  t h e  
v e c t o r  space  spanned by a l l  t h e  e i g e n v e c t o r s  of X1. S ince  eve ry  

v e c t o r  i n  t h i s  e igenspace  i s  an e i g e n v e c t o r  for  X l ,  one i n  fact  
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I 
I 
C 
I 
C 
I 
I 

I 
I 
I 
I 
I 
I 
I 
I 

i 

has ,  i n  t h i s  l i m i t i n g  v e c t o r  (351, an eigenvector fo r  h l .  

argument c l e a r l y  can be extended t o  any e igenva lue  o f  
m u l t i p l i c i t y .  

Th i s  

f i n i t e  

Now look a t  the  case when H i s  d e f e c t i v e .  U s e  t h e  
fo l lowing  r e s u l t  from l i n e a r  a lgeb ra .  

Theorem 1. (Primary decomposition) 

L e t  cl, c2,  ..., cr be t h e  r d i s t i n c t  e igenva lues  of H 

and t h e  minimum polynomial of H be 

S 
m(x) = (x-c,) (x-c,) 2 ... (x-cr) r 

S 

Then 

a. t h e  n-dimensional space V over  t h e  complex f i e l d  has  
d i r e c t  sum 

@ wr v = w1 @ w* @ ... 
and 

b. each Wi i s  i n v a r i a n t  under H where 

S 
Wi = n u l l s p a c e  of ( H - c i I )  i , i = 1 , 2 , .  . . , r .  

A proof  of t h i s  theorem may b e  found, e.g., i n  Hoffman and Kunze [ 61 .  
It  is clear t h a t  eve ry  e igenvec to r  vi f o r  t h e  e igenva lue  ci i s  i n  

Wi. 
o f  t h e  e igenva lue  ci. 

I n  f a c t  t h e  dimension of Wi is t h e  same as t h e  m u l t i p l i c i t y  
I f  a l l  t h e  si are one ,  t hen  H is  d i a g o n a l i -  

z a b l e  and t h e r e f o r e  H i s  n o t  d e f e c t i v e .  Hence t a k e  a t  l eas t  one 
si > 1. The s p e c i a l  case of d i a g o n a l i z a b l e  matrices w a s  cons ide red  
s e p a r a t e l y  because t h e  proof was s imple.  
are abou t  d e f e c t i v e  systems.  

The n e x t  s e v e r a l  paragraphs  
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A d e t a i l e d  proof of t h e  convergence of t h e  i t e ra t ive  
scheme f o r  d e f e c t i v e  systems i s  g iven  i n  t h e  Appendix. Only a 
s p e c i f i c  example i s  cons idered  here which b r i n g s  o u t  a l l  t h e  
e s s e n t i a l  f e a t u r e s  of t h e  p roof .  The 4 x 4 m a t r i x  E g iven  
i n  (5)  i s  s e l e c t e d .  

E =  

. 
-1 0 0 0 

1 -1 1 1 
1 0 -1 0 
1 0 1 -2 

The e igenva lues  of t h i s  ma t r ix  were shown t o  be -1, -1, -1 and -2 .  
For this ma t r ix ,  t h e  minimum polynomial m(x) i s  t h e  same as t h e  
c h a r a c t e r i s t i c  polynomial p (x)  : 

3 p ( x )  = m(x) = ( x + l )  (x+2) 

(E+I) = 

I: 

3 

0 0 0 1; 0 1 1 '  

1 O -1 O J  

0 
0 

Solv ing  (E+I)x = 0 y i e l d s  xT = {O, 1, 0 ,  0) as t h e  
o n l y  independent  e i g e n v e c t o r  for  t h e  e igenvalue  -1. The eigen-  
v e c t o r  f o r  t h e  e igenva lue  -2 is (0, -1, 0 ,  1) . 

(E+I)3 = 

0 0 0 0 
0 0 -1 1 
0 0 0 0 
0 0 1 -1 
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I [ 1 / 4 2  i2] 
3 

are a b a s i s  f o r  t h e  n u l l s p a c e  of ( E + I ) =  and ,  o f  c o u r s e ,  t h e  
e i g e n v e c t o r  ( 0 ,  -142, 0 ,  1 /42)  i s  a basis f o r  t h e  n u l l s p a c e  of 
( E + 2 I ) .  These f o u r  v e c t o r s  ( n o t i n g  t h e y  are n o t  a l l  e i g e n v e c t o r s )  
are c a l l e d ,  r e s p e c t i v e l y ,  u l I  u2, u3 and u4 .  
approximat ion  t o  t h e  e igenva lue  -1 and l e t  E = - 1 - A  be t h e  e r r o r .  
One can  r e p e a t  e q u a t i o n s  (23 - ( 2 6 )  h e r e  b u t  must r e p l a c e  (27)  by 

L e t  A be  t h e  computed 

(io 1 (io) 
u + E e  

4 

1 u1 k 

{io i 
The a i m  is  t o  e v a l u a t e  ek 

L e t  io=l. Then 

Eu2 - - 

- - 
EU3 

0 

1 -2 :I -1 0 0 

1 -1 1 
1 0 -1 
1 0 

I k=1,2,3,4;  i o = 1 , 2 , 3 , 4 .  

L 

1 O l  -1 0 0 

1 -1 1 

1 -2 O I  

1 0 -1 
1 0 

= u -u +a u3 1 2  
- - I;] 

3 - - = a u1 - u 
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- Eu4 - 

0 

-1 

0 
0 

0 

1 
-1 
1 

= -2u4 

(36) can now be r e w r i t t e n  

blul = e2 ('1 (u1-u2+fi u,) + e3 ( 4 3  ul-u3) 

S i n c e  t h e  ui are l i n e a r l y  independent ,  one may e q u a t e  c o e f f i c i e n t s :  

ul: b l  - ('1 + fie,  (1) + e e l  (1) 

(1) - Xe2 (1) 

- e2  

2 

3 

u2:  0 = -e 

(1) - h e  (1) ('1 + JZ e2 u3: 0 = -e 
3 

u4: 0 = e4  ( l ) ( - 2 - h )  . 
Hence 

If io = 2 ,  t hen  cor responding  t o  (37) one has 
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0 = e4 ( 2 )  (-2-A) . 
Thus 

e b2 - b2 - -  ( 2 )  - - 
2 - (1+A) E 

Again 

b3  ( 3 )  = + - ( 3 )  = (-a - ) /E b3  
E = 0, e2 = 0, e3 E I el 

( 3 )  ( 3 )  
4 e 

and 

Consequently I 

b4 U 
b2(2-€) fi -6 b2 

u3 - 1'E 4 '  - 
E E 

3 
€ 

Y1 

( 3 9 )  

It is clear from ( 3 9 )  that unless b2 and b3  are simultaneously 
zero, the vector x1 = ( E  /2b2)y1 is already a good approximation 
to u1 if A is a good approximation to A1=-1. 

3 

It is interesting to 
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n o t e  t h a t  i f  A i s  chosen close t o  A --2, t h e n  1-~=l+l+A=2+X so 
t h a t  E '  = l - ~  i s  a s m a l l  q u a n t i t y  now w h i l e  E i s  n e a r  u n i t y .  
Then ( 3 9 )  i m p l i e s  t h a t  (E' /b4)y1 i s  now a good approximat ion  

4- 

t o  u4.  

Unlike t h e  case o f  d i a g o n a l i z a b l e  matrices, i n  
d e f e c t i v e  systems f u r t h e r  i t e r a t i o n s  may b r i n g  v e r y  s l o w  improve- 
ment i f  any i n  t h e  e i g e n v e c t o r .  E.g. ,  i n  

[: :3 
t h e  e i g e n v a l u e s  
Taking xo = { a , b l  and E = ~ - X  it is seen  t h a t  

are 1, 1 and t h e  unique e i g e n v e c t o r  i s  ul={l,O}. 

[: :3 [;:I = [:I 
= b/E. When normal ized  one o b t a i n s  2 

y 1  y i e l d s  x1 = (a&-b)/E 

{a&-b,  b e )  o r  approximate ly  (1, - E } .  I f  t h e  p r o c e s s  i s  r e p e a t e d ,  

leads t o  t h e  second approximation (1, -&/2) t o  t h e  e i g e n v e c t o r  
(1, 01. Thus when E i s  s m a l l  ( as  it w i l l  be f o r  good e igenva lue  
a p p r o x i m a t i o n s ) ,  t h e  improvement i s  i n s i g n i f i c a n t  even when one 
n e g l e c t s  round of f  errors .  

The q u e s t i o n  now is ,  g iven  t h a t  X 1  i s ,  s a y ,  a double  

r o o t ,  how does one de termine  i f  there i s  a n o t h e r  e i g e n v e c t o r  o f  A ? 1 
I f  there  i s  one ,  how does one f i n d  i t ?  I t  i s  known t h a t  there is  
no simple p r a c t i c a l  answer t o  t h e  f irst  q u e s t i o n .  ( I n  f a c t ,  inde-  
pendence i n  i t se l f  i s  a troublesome concept  i n  t h e  numer ica l  s e n s e . )  
Several theoretical  answers are available none of which i s  of much 
u s e  i n  p r a c t i c e .  Therefore, proceed under  t h e  assumption t h a t  
t h e r e  i s  one more independent  v e c t o r  and t r y  t o  f i n d  it. The 
method p o p u l a r i z e d  (by Wilkinson and o thers )  w a s  t o  p e r t u r b  t h e  
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approximate e igenvalue  X of  X by a s m a l l  q u a n t i t y  of t h e  order of 
2 - t ,  where t i s  t h e  number of b i n a r y  d i g i t s  carried by t h e  computer 
used ,  and go through t h e  c a l c u l a t i o n  aga in  [ 4 ] .  An a l t e r n a t i v e  
procedure sugges ted  by Or tega  [ 5 1  i s  used ,  where one g e n e r a t e s  a 
new i n i t i a l  v e c t o r  x i  i n  ( 2 4 ) .  This  approach is  appea l ing  because 
t h i s  l e a v e s  t h e  m a t r i x  i n  ( 2 4 )  u n a l t e r e d ,  as opposed t o  Wilk inson ' s  
method, r e s u l t i n g  a t  l e a s t  i n  less programming e f f o r t  and p o s s i b l y  
some sav ing  i n  computer t i m e .  
random number g e n e r a t o r  sub rou t ine .  The p r o b a b i l i t y  t h a t  t h e  
second i n i t i a l  v e c t o r  i s  i d e n t i c a l  t o  t h e  f i r s t  i n i t i a l  v e c t o r  i s  
n e a r  zero  and t h e r e f o r e  t h e  p r o b a b i l i t y  i s  very  high t h a t  t h e  
second e i g e n v e c t o r  i s  independent of t h e  f i rs t .  T h i s  i s  e a s i l y  
s e e n  from t h e  f a c t  t h a t  t h e  eigenspace o f  X1 i s  now a p lane  and 
a f t e r  a c c e p t i n g  u a s  t h e  f i r s t  v e c t o r  a l l  one needs for  u2 t o  be 

a c c e p t a b l e  i s  t h a t  it be i n  t h e  p l ane  and s e p a r a t e d  from u1 by an 
ang le  of a t  l e a s t  a f e w  deg rees .  E .g . ,  i f  4 '  s e p a r a t i o n  i s  s u f f i -  
c i e n t  f o r  accuracy i n  t h e  l a t e r  or thonormal iz ing  p r o c e s s ,  t h e  
p r o b a b i l i t y  i s  ove r  .95.  

independent  e igenvec to r  (mat r ix  is  nond iagona l i zab le )  t hen  every  
choice of xo w i l l  l e a d  t o  the  same e igenvec to r .  
a t t empt  leads t o  t h e  same e igenvec to r ,  how does one decide whe the r  
t h i s  i s  a f a i l u r e  o r  t h i s  is  due t o  the  f a c t  t h a t  there a r e  no 
o ther  independent  v e c t o r s ?  I t  was decided t h a t  t h e  r easonab le  t h i n g  
t o  do is  t o  r e p e a t  t h e  p rocess  w i t h  new random v e c t o r s  a " s u f f i c i e n t "  
number of t i m e s  t o  be " reasonably  c e r t a i n " .  T h i s  number i n  our  
program i s  a parameter  and depending on how c o n s e r v a t i v e / o p t i m i s t i c  
t h e  u s e r  i s  t h e  va lue  could  be high/low. I t  i s  now clear t h a t  t h e  
above approach a p p l i e s  j u s t  a s  w e l l  t o  h ighe r  m u l t i p l i c i t i e s .  

1 

The v e c t o r  x; is produced from a 

1 

Of cour se ,  i f  X 1  does n o t  have a second 

I n  c a s e  a second 

The q u e s t i o n  of how one de te rmines  independence of t w o  
(or more v e c t o r s  i s  y e t  t o  be se t t led .  Once aga in  t h e  theoretical  
d e f i n i t i o n  of independence i s  d i sca rded  as u n s a t i s f a c t o r y .  I n s t e a d ,  
as soon as a v e c t o r  i s  o b t a i n e d  one tests t o  see i f  it i s  a candi-  
d a t e  towards producing an orthonormal se t  of e i g e n v e c t o r s  because 
one may n o t  know, a p r i o r i ,  the dimension of t h i s  e igenspace  and 
a g a i n  one cannot  say  how many l i n e a r l y  independent  e i g e n v e c t o r s  can 
be e x t r a c t e d .  
o r thonorma l i zes  and tests f o r  independence. 

Using t h e  Gram-Schmidt p rocess3  one s imul taneous ly  

3See below. 
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Recall  t h e  e a r l i e r  comments t h a t  p rocess  (30) i s  used 
w i t h  a random i n i t i a l  v e c t o r  x t o  o b t a i n  an e igenvec to r  u which 

i s  normalized t o  u n i t  l e n g t h  ( i , e . ,  1 1 - 1  /= l ) .  Process  ( 3 0 )  i s  
r e p e a t e d  w i t h  a new random vec tor  f o r  x and o r thonorma l i za t ion  
i s  done us ing  Gram-Schmidt  p rocess  t o  o b t a i n  u2 .  
i s  perhaps known t o  most r e a d e r s  i t  i s  necessa ry  t o  in t roduce  
b r i e f l y  t h e  Gram-Schmidt p rocess  t o  e x p l a i n  when and why it  may 
f a i l .  I n  t h e  n o t a t i o n  used i n  t h e  nex t  pa rag raph ,  t h e  symbols 
have meaning independent  of what t h e y  may s t a n d  for elsewhere. 

0 1 

0 
Even though it 

L e t  al, a 2 ,  ..., a be a l i n e a r l y  independent  se t  of n 
v e c t o r s  and l e t  

and i n  g e n e r a l  ( i . e . ,  for  k=2 ,  3 ,  ..., n )  

k-1 

Then B1, B a r  ..., B n  i s  an orthonormal set  spanning t h e  same 
v e c t o r  space as t h a t  of a l ,  . . . I  a 

p r o c e s s .  Look a t  B 2 .  

l i n e a r l y  independent  and hence a 2  $: ( a 2  , B1) B1. 

c a n c e l l a t i o n  i n  t h e  computation o f  p 2  and consequent ly  t h e  B 2  

may be  g r o s s l y  i n  e r r o r .  (This k ind  of c a n c e l l a t i o n  i s  even more 
d i s a s t r o u s  i n  l a t e r  s t a g e s . )  I t  i s  now clear t h a t  it is  of g r e a t  
advantage ,  i n  case s e v e r e  c a n c e l l a t i o n  i s  suspec ted ,  i f  one has 
t h e  c h o i c e  of r e p l a c i n g  t h e  a 2  by ano the r  v e c t o r  and recomputing 

e x a c t l y  w h a t  i s  inco rpora t ed  i n  t h e  program. 

T h i s  i s  t h e  Gram-Schmidt n '  
u 2  i s  nonzero because a 2  and B1 are 

B u t  w h a t  i f  
i s  ve ry  n e a r l y  e q u a l  t o  (a2, B1)B1? T h e r e  may be s e v e r e  a2  

rather than  con t inue  w i t h  a poor ly  ob ta ined  B 2 .  T h i s  i s  6 2  

By t h e  above p r o c e s s ,  t h e n ,  one comes t o  a p o i n t  where 
one h a s  e i t h e r  as many orthonormal e i g e n v e c t o r s  as t h e  m u l t i p l i -  
c i t y  of t h e  e igenvalue  a t  hand o r  t h e  Gram-Schmidt p rocess  f a i l s  
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r e p e a t e d l y  t o  produce any f u r t h e r  e i g e n v e c t o r s .  T h e  l a t t e r  case 
i n d i c a t e s  t h e  p r o b a b i l i t y  o f  non l inea r  d i v i s o r s .  I n  e i t he r  case 
it i s  concluded t h a t  a l l  t h e  e igenvec to r s  have been e x t r a c t e d .  

4 .  The Eigenvec tors  of  A 

Having ob ta ined  t h e  e igenvec to r s  f o r  an  e igenva lue  A of 
t h e  Hessenberg form t h e  n e x t  major s t e p  i n  t h e  program is  t o  o b t a i n  
t h e  cor responding  e igenvec to r s  f o r  t h e  o r i g i n a l  ma t r ix  A.  I t  i s  
r e c a l l e d  t h a t  

-1 = P A P ( s a y )  

where each Pi i s  ( u n i t a r y )  or thogonal .  Then 

Hx = A.x 

-1 P A Px = Ax 

A(Px) = X (Px) . 

Hence i f  x is  an e i g e n v e c t o r  of  H t hen  Px i s  t h e  cor responding  
e i g e n v e c t o r  of A. S ince  a l l  t h e  in fo rma t ion  needed t o  c o n s t r u c t  
P i s  saved  when computing H from A ,  Px is  r e a d i l y  ob ta ined .  

Note f u r t h e r  than  i f  xl ,  x2 are two or thonormal  

e i g e n v e c t o r s  of t h e  same e igenvalue  A of H then  

(xl,  x2 )  = 0 

and 
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T 
( P X l ,  Px2) = (xl ,  P Px*) 

TP ) ... P x = (xl ,  P1 P* =.. (Pn-2 
T T  

n-2 1 1  

= (x l ,  x2 )  

= o  

Again 

Thus t h e  e i g e n v e c t o r s  ob ta ined  by o p e r a t i n g  wi th  P on t h e  e igen-  
v e c t o r s  of H cor responding  t o  a n  e igenva lue  a u t o m a t i c a l l y  f o r m  
an or thonormal  system for  A.  

5. Examples 

I n  t h i s  s e c t i o n  f i v e  n u m e r i c a l  examples a r e  p re sen ted .  
The examples are s e l e c t e d  on t h e  b a s i s  of features such as mul t i -  
p l i c i t y ,  d e f e c t s  or i l l - c o n d i t i o n i n g .  The  e x a c t  e igenva lues  are 
known. Thus computed e igenvalues  g i v e  a measure of accuracy of  
the  Hessenberg form. Also t h e  e igenvec to r s  i n  m o s t  cases can 
e a s i l y  be hand-computed for  checking. Notice t h a t  i n  g e n e r a l  
errors i n  t h e  imaginary p a r t s  of e igenva lues  as w e l l  as e igen-  
v e c t o r s  a r e  much l a r g e r  than  t h e  errors i n  t h e  real  p a r t s .  T h i s  
i s  o u r  expe r i ence  w i t h  every  d i f f i c u l t  example. 

I n  t h z  Hessenberg forms of the  p r i n t  o u t ,  t h e  nonzero 
e n t r i e s  below t h e  subdiagonal  are t h e  components of t h e  t r a n s -  
format ion  v e c t o r s  w (see equa t ion  (6)). These are n o t  p a r t s  of 
t h e  Hessenberg matrices, t h u s  should be i g n ~ r e d . ~  Example 1 i s  
t h e  m a t r i x  E d i s c u s s e d  i n  page 4 .  Example 2 has  e x a c t  e igen-  
v a l u e s  1 f 2 i ,  4 ,  -1. The t h i r d  example has  1 as root of  mul t i -  
p l i c i t y  fou r .  T h i s  r o o t  has only three d i s t i n c t  e i g e n v e c t o r s .  
The t h i r d  and f o u r t h  computed e igenvec to r s  correspond t o  t h e  same 
e x a c t  e i g e n v e c t o r .  The errors i n  t h e  components are of t h e  s a m e  
o r d e r  as t h e  cor responding-  e igenvalue .  For example, t h e  t h i r d  

e i g e n v a l u e  has  an O(10 ) error i n  i t s  imaginary p a r t  and components 
of i t s  e igenvec to r  have t h e  same o r d e r  e r r o r .  Not ice  t h a t  f o r  t h e  
w e l l  s e p a r a t e d  f i f t h  e igenvalue  2 ,  t h e  e r r o r  i n  t h e  e i g e n v e c t o r  i s  

of o r d e r  1 0  . 

-4  

-19 

4 A l l  v e c t o r s  were ob ta ined  a f t e r  t w o  i t e r a t i o n s .  
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Example 4 i s  also a d e f e c t i v e  m a t r i x  and a g a i n  e x h i b i t s  
t h e  l a r g e r  e r r o r s  i n  t h e  imaginary p a r t s .  No t i ce  t h a t  t h e  l a s t  
t h r e e  vectors i n  t h i s  example are almost i d e n t i c a l  i n  t h e  s i g n i -  
f i c a n t  components. 

I n  c o n t r a s t  t o  t h e  f i r s t  f o u r  examples,  t h e  l a s t  one 
i s  a m a t r i x  w i t h  we l l - sepa ra t ed  e i g e n v a l u e s  k 1 ,  '2, f3, 2 6 .  AS 
expec ted  t h e  r e s u l t s  are e x c e l l e n t  f o r  t h i s  example. 
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APPENDIX 

Here a proof  i s  i n d i c a t e d  f o r  t h e  convergence o f  t h e  
Wielandt  i t e r a t i o n  p r o c e s s  when a p p l i e d  t o  d e f e c t i v e  matrices. 
I n  t h e  t e x t  a s p e c i f i c  example was cons ide red .  
same argument would s u f f i c e  i n  gene ra l .  
r e p e t i t i v e  s t e p s  are avoided.  

E s s e n t i a l l y  t h e  
Consequent ly ,  m a n i f e s t l y  

L e t  X1 be an e igenvalue  o f  m u l t i p l i c i t y  s1 and l e t  t h e  
Then t a k e  dimension of  t h e  e igenspace  of  X 1  be si w i t h  si < sl. 

ul, u 2 ,  . . . I  u , a set  of l i n e a r l y  independent  e i g e n v e c t o r s  o f  

and t h e  a d d i t i o n a l  v e c t o r s  u , . . . I  u so t h a t  t o g e t h e r  
1+1 s1 S' I1 f 

t h e s e  s1 v e c t o r s  form an or thonormal  b a s i s  f o r  W1 o f  Theorem 1. 
Th i s  i s  done f o r  each  o f  t h e  Wi.  

W1. (The case when s ' = s  is  e a s i l y  d i s p o s e d  o f . )  

Concen t r a t e  on t h e  subspace 

1 1  
With t h i s  d e f i n i t i n n  nf t h e  u: i=li2;-.-;n; one can 1' 

a g a i n  w r i t e  down e q u a t i o n s  (23) - ( 2 6 ) .  I n s t e a d  o f  ( 2 7 )  e q u a t i o n s  
of t h e  f o l l o w i n g  t y p e  are ob ta ined :  

S '  
1 n 

The a i m  i s  t o  e v a l u a t e  ek 
Primary Decomposition Theorem i t  i s  known t h a t  

k = l , .  .. , n ,  i = l , 2 , . .  . , n .  From t h e  

1 S 

R = l  

and 
n 
n 

u I k = s l + l , .  . . ,n 'kt t 
- - 

Huk 
(A3 1 

k=sl+l 
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f o r  scalars B k a  . S u b s t i t u t i n g  ( A 2 )  , (A3) i n  (Al) and u s i n g  
l i n e a r  independence of  ui one o b t a i n s  

1 S 

k=s i+ l  

k=si+l 

1 S 

k=si+l 

and 

n 

S l + l  

I f  t h e  l a s t  f o u r  equa t ions  are w r i t t e n  o u t  as a l i n e a r  
(1) system f o r  t h e  unknowns ek 

of t h e  form 
k=l,. . . f n f  one o b t a i n s  a m a t r i x  

. 



I 
t 
i 
I 
I I 
I 

I 
I 
I 
I 
I I 
I 
I 
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D i s  an  S i  o r d e r  d i agona l  m a t r i x  w i t h  dii = A i  - A .  
x ( S l - S i )  and B 2 ,  B B i s  si are s q u a r e  matrices. 3 1 

a 

... B 
Bs ' +1 , s i + l  - A  Bsi+2 ,s;+1 SI , S i + l  1 

B s l + 2  ,s;+2-A B ~1 ,Si+2 1 

- A  B sl'sl ..... 

and i s  such  t h a t  

B2 = o  

S i n c e  A i s  a r b i t r a r y ,  it may be assumed t h a t  B2 i s  nons ingu la r .  

Then ek (1) =O, k=si+l, ..., s 
have eL1)=O, k=s +1, . . . , n. Hence from t h e  first si e q u a t i o n s  it 1 
i s  concluded  t h a t  

By t h e  same argument one w i l l  a lso 1' I 
I 

= 0 , k=2, . . . ,n .  ek 
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I t  i s  now c lear  t h a t  s t a r t i n g  from an e q u a t i o n  of t y p e  

(All one f i n d s  ek i = l 1 2 1 . . . l s i  t o  be 

D 

( i )  = 0 I k + i .  ek 

For si < i 5 s (A81 leads t o  1 

B1 

+ 
1 

e 
es:i! Sl A. 

Not ing t h a t  D - l  i s  a d i a g o n a l  matrix w i t h  nonzero e l emen t s  
d!i = ( A i - A ) - ' ,  one has  

and 

k = si+l, ..., sl. 
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I t  s t i l l  fo l lows  t h a t  ek(i)=O, k = s l + l , .  . . ,n. 

F i n a l l y ,  f o r  i>s l ,  one has  

( i )  = 0 , k=l, ..., e k 

and 

Thus  one nay write 

Without going ,nto d e t a i l s ,  it is  Seen h o w  r e l a t i v e  s e p a r a t i o n  
between d i s t i n c t  e igenva lues  p l ays  an impor tan t  r o l e  i n  t h e  ra te  
of convergence (c . f . ,  (38), (39)). I n  fact  it is  p e r t i n e n t  t o  
w r i t e  

With t h e  h e l p  of ( A l l )  - (A15) it can now be claimed t h a t  
a f t e r  one s t e p  of t h e  i t e r a t i o n  p rocess  
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x has t h e  form 1 

Here bll, i s  a f u n c t i o n  f k  wi th  arguments b l ,  b 2 ,  ..., b . T h a t  
s1 ,..., b ) .  is, b i  = f k ( b l , .  . . ,bs ) and s i m i l a r l y  b: = f * ( b  k sl+l n 1 

Without f u r t h e r  ado . w r i t e  i n  genera l  f o r  s=1,2,3, ... 

k= 1 

S n 
1 

min { [ A  - A  I >  + 
j=sl+l, . . . ,n  j k=s l+l  

2/ 
where t h e  numbers bk 
v e c t o r  xo. Thus convergence i s  established. Note t h a t  i f  X i s  a 
good approximation to x l ,  t h e n  x1 i s  approximately i n  t h e  e igenspace  
of X1. If x1 i s  w e l l  s e p a r a t e d  from t h e  o t h e r  d i s t i n c t  e i g e n v a l u e s ,  

x1 is a l r e a d y  a good e i g e n v e c t o r .  

depend o n l y  on t h e  components of t h e  i n i t i a l  


